The relationship between risk and return has been one of the most important and extensively investigated issues in the financial economics literature. The theoretical results predict a positive relation between the two. Nevertheless, the empirical findings so far have been contradictory. Evidence presented in this paper show that these contradictions are the result of negative skewness in the distribution of portfolio excess return and the fact that the estimation of intertemporal asset pricing models are based on symmetric loglikelihood specifications.
Introduction
The financial and economic literature on the relationship between risk and return is voluminous and the findings thus far have been inconclusive. Many well known scholars have found a positive, others a negative and an equal number no relationship. For example, a significant positive risk-return relation for the US is reported in French et al. (1987) , Lundblad (2007) and Lanne and Saikkonen (2007) , a significant negative relation in Glosten et al. (1993) , an insignificant one in Nelson (1991) , Campbell and Hentschel (1992) , Glosten et al. (1993) , Theodossiou and Lee (1995) and Bansal and Lundblad (2002) and mixed findings in Baillie and DeGennaro (1990) . 1 In standard intertemporal capital asset pricing models, stochastic factors influence the investment opportunity set and through that the equilibrium risk premia of financial assets, e.g., Merton (1973) .
These factors trigger fluctuations in the risk-return tradeoff and as such, they are a source of skewness and kurtosis when returns are computed over discrete time intervals. Because investors hedge constantly against such fluctuations, higher moments are likely to be priced. This paper investigates the impact of skewness and kurtosis on the risk-return relationship using an analytical framework based on the popular skewed generalized t (SGT) distribution, e.g., Theodossiou (1998) . The SGT distribution is chosen because of its flexibility in modeling fat-tails, peakness and skewness, often observed in financial data.
2 Furthermore, it includes several well known symmetric distributions used in the finance literature, such as the generalized t (GT), generalized error (GED), student t (T) and normal (N), e.g., Bali and Theodossiou (2008) and Hansen et al. (2010) .
Impact of Skewness on the Pricing of Risk

SGT Framework
The Intertemporal relationship between risk and returns is investigated using the GARCH-in-mean process, which has been the standard in the literature, e.g., Engle et al. (1987) and Glosten et al. (1993) .
That is, a portfolio's excess returns are specified as:
where 2 t  = var(r t | I t−1 ) is the conditional variance of r t based on the information set I t−1 available prior to the realization of r t , r t−1 is past value of excess returns included in I t−1 , a and b are typical regression coefficients and c, also known as the GARCH-in-mean coefficient, links σ t to μ t . For practical purposes and without loss of generality, a single lag value of r t is used.
Under the SGT framework, r t is modeled as
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are deviations of returns r t from their conditional mode m t (in the case of the symmetric GT the mean and the mode are equal). The scaling parameter  t is a time-varying dispersion measure related to σ t when it exists, k and n are positive kurtosis parameters controlling respectively the peakness around the mode and the tails of the distribution, λ is a skewness parameter with domain the open interval (-1, 1), sign(u t ) is the sign function (i.e., sign(u t )= -1 for u t < 0 and 1 for u t > 0) and B(w, z) = Γ(w) Γ(z) / Γ(w+z) is the beta function. Values of k < 2 are associated with leptokurtic (peaked) distributions relative to the normal distribution and smaller values of n with fat tailed distributions.
The SGT includes the GT of McDonald and Newey (1988) for λ = 0, the skewed t of Hansen (1994) for k = 2, the student t for λ = 0 and k = 2 and the Cauchy for λ = 0, k = 2 and n = 1. For n→∞, it yields the skewed GED of Theodossiou (2000), which includes the GED for λ = 0, the Laplace or double exponential for λ = 0 and k = 1, the normal for λ = 0 and k = 2 and the uniform for λ = 0 and k→∞.
When n > 2, the conditional mean and variance of r t , see eq. (A9) and (A11) in the Appendix, are:
It follows easily from eq. (4) that the parameter p = (μ t − m t ) / σ t . This measure, known as the Pearson's skewness, is a symmetric function of the skewness parameter λ and a highly non-linear function of the kurtosis parameters k and n. This is a key measure for the issues investigated in this paper. 
Intertemporal Pricing Model
where c σ t is the "pure" risk premium, which is expected to be positive and p σ t is the skewness-kurtosis premium. The latter, depending on the direction of skewness in the distribution of excess returns, can be negative, zero or positive.
The regression in (1) can be written in the following equivalent form
Unlike u t , the error term ε t = u t -p σ t has a zero expected value. Note that the term (c + p) σ t = ξ σ t measures the combined impact of "pure" and skewness-kurtosis risk on the mean of a portfolio's excess returns. This equation provides the foundation for exploring and explaining the contradictory findings in the literature regarding the risk-return relationship. In case of negative skewness, depending on the size of p, the value of ξ can be positive, zero or negative.
Conditional Variance
The conditional variance of excess returns is specified as a function of the past regression errors, including their squared, absolute and standardized values and past conditional variances. The following four popular GARCH models are considered:
GARCH of Bollerslev (1986) :
GJR-GARCH of Glosten, et al. (1993) :
QGARCH of Sentana (1995):
where N t = 0 for ε t > 0 and N t = 1 for ε t < 0 and g(z t ) = | z t | − E| z t | and z t = ε t / σ t .
In eq. (11b)-(11d), the parameter δ captures asymmetric volatility. In eq. (11b), δ is expected to be positive and in (11c) and (11d) negative. Such values would imply that volatility is higher in stock market downturns than in upturns. This kind of asymmetry is typically an indication of negative skewness in the distribution of excess returns.
Estimation
Parameter estimates for eq. (1) are obtained via numerical optimization of the sample log-likelihood
where f is a conditional probability density function for r t and θ = [ c, a, b, ν, δ, β, γ, λ, k, n] '. For eq.
(11a), δ = 0. The t-values for the estimators are computed using robust standard errors. Moreover, the parameter p is endogenously determined using the MLE estimators for λ, k and n along with eq. (6)-(8).
At this point, it is important to note that in the presence of skewness, the estimation of eq.
(1) using a symmetric log-likelihood specification will result in a biased estimator for the price of "pure" risk or the GARCH-in-mean effect, measured by c. In fact, the resulting estimator will be ξ = c + p and not c.
Moreover, the computed standardized errors will not possess a zero mean and a unit variance and the conditional variances will be misspecified. 
Monte Carlo Simulations
Random Samples
For the simulations 1,000 samples per GARCH model are used. Each sample includes 1,052 randomly generated returns using similar parameters to those of the monthly models estimated in the next section. The returns are generated as follows: 
where N t−1 = 1 for ε t−1 < 0 and zero otherwise and t = 1, 2, …, 1,052. Note that the parameter ξ in the return equation above is set to zero, i.e., c = −p = 0.43.
Simulation Results
Eq.
(1) for each GARCH model is estimated 1,000 times using the randomly generated samples of excess returns and the log-likelihood specifications of a) SGT, b) GT, c) GED, d) T and e) N.
The first panel of Table 1 Generally, these simulation results indicate that, depending on the extent of negative skewness in the distribution of excess returns, the estimation of intertemporal pricing models using symmetric loglikelihood specifications may yield conflicting findings regarding the risk-return relationship.
Empirical Findings Preliminary Statistics
The data includes daily, weekly and monthly value-weighted excess returns over the one-month
Treasury bill rate of all CRSP firms incorporated in the US and listed on the NYSE, AMEX, or NASDAQ. It covers the period July 1, 1926 to February 28, 2014 and is obtained from French's website. 3 It is transformed into continuously compounded returns using the equation
 
100 log 1 100
where y t is a geometric return expressed as a percentage and log is the natural logarithm.
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Preliminary statistics for the daily, weekly and monthly frequencies of CRSP excess returns are reported on Table 2 . It is worth noting that all three frequencies exhibit negative skewness and standardized kurtosis ranging between 6.1 and 7, which is at least twice that of the normal distribution, which is equal to 3. These findings along with the KS statistics indicate serious departures of the data from normality.
4
Main Results Table 3 , 4 and 5 present the parameter estimates of the intertemporal excess return equation in (1) for all four GARCH models under the SGT log-likelihood specification based on daily, weekly and monthly data. The results are quite similar for all GARCH models and frequencies. In all cases the estimated values for the pure price of risk coefficient, c, are positive and statistically significant. On the other hand, the estimated values for the skewness-kurtosis price of risk, p, are negative and statistically significant. The combined impact of the two, measured by ξ = c + p, is close to zero and statistically insignificant in all cases. Interestingly, the asymmetric volatility coefficient, δ, is statistically significant and consistent in all three cases with the presence of asymmetric volatility.
Despite the fact that the form of negative skewness implied by asymmetric volatility is factored out to some extent by the conditional variance equations, still the results indicate that the main force driving the mixed findings in the literature regarding the risk-return relationship is skewness in the return distribution coupled with fact that the estimation of the relevant pricing models is based on symmetric log-likelihood specifications.
Replication of Previous Studies
To investigate further the conflicting findings in the literature, the results of several important studies related to the US are replicated using the same data frequencies and periods and similar GARCH and log-likelihood specifications. The replications are performed for studies comparable to the framework employed in this paper. 4 Data are Winsorized to plus/minus four standard deviations from their sample means.
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The results regarding the estimated combined risk-skewness effect (parameter ξ = c + p), presented in panel A of Table 6 , are qualitatively similar to those found in the original studies. There are, however, some minor differences which may be attributed to the omission of explanatory variables, which could not be replicated and the use of robust standard errors for the estimators, which may not have been used in previous studies.
The results for the SGT specifications, presented on Panel B of Table 6 , indicate a positive "pure" risk premium and a negative skewness-kurtosis premium. In both cases, the relevant coefficients are statistically significant at the 1% level, while their combined impact, measured by ξ = c + p, is in line with that of panel A. Once more, the results point out to skewness as being the reason for the conflicting findings in the literature on the risk-return relation.
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Other Risk-Return Specifications
The investigation into the risk-return relationship is continued by augmenting eq. (1) with an extra term for the lag-value of the conditional standard deviation of returns, i.e.
The estimated parameters for the three data frequencies and the four GARCH models using an SGT loglikelihood specification are presented on 
5 The replication was also performed on the entire dataset. The results, however, are qualitatively similar.
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The estimated parameters are presented on 
Prices of Risk across Data Frequencies
The stochastic behavior of pure and skewness-kurtosis prices of risk across data frequencies requires further investigation. For this purpose, the pricing model of eq. (9) is rewritten as
where p  decrease in magnitude and at the monthly frequency radiates around ±1.6. The fact that these estimates are larger in higher data frequencies may be attributed to the presence of strong moment dependencies, which become weaker in lower data frequencies. For the remaining GARCH models, the results are remarkably similar.
For each data frequency, the time-series behavior of λ (main determinant of * t p  , see eq. 6), is investigated using Hansen's (1994) specification
The estimates for λ 1 range between -0.0117 and 0.0104 and for λ 2 between 0.0001 and 0.0061. These estimates are statistically insignificant, except for that of λ 2 at the daily data frequency. Similar findings are documented for the remaining two determinants of * , t p  i.e., the kurtosis parameters k and n. These results indicate that * t p  is not time-varying within each data frequency.
11
The results in this sub-section are consistent with the hypothesis that because investors hedge constantly against fluctuations in the distribution of stock returns, higher moments, including skewness and kurtosis, are priced more in the short-than in the long-term.
Summary and Conclusions
The theoretical analysis carried out using an analytical framework based on the popular SGT distribution indicates that the conditional mean of a portfolio's excess returns is a function of a "pure" risk premium, which is expected to be positive and a skewness-kurtosis premium which has the same sign as skewness. Depending on the extent of negative skewness, the combined size of the latter premia can be positive, zero or negative.
Estimation of intertemporal pricing models using log-likelihood specifications based on symmetric probability distributions results in price of risk measures contaminated by that of the skewness-kurtosis price of risk. This is in fact the main reason behind the contradictory findings in the finance literature regarding the risk-return relationship. The latter finding is confirmed via Monte Carlo simulations.
Estimation of standard intertemporal pricing models based on a SGT log-likelihood specification using daily, weekly and monthly CRSP excess returns over a long period, confirms the presence of a positive risk premium and a negative skewness-kurtosis premium with zero combined impact. Replication of the results of previous studies using the same data frequencies and periods and model specifications yields mixed results when estimated using symmetric log-likelihood specification and similar results, as the ones presented previously, when estimated using a skewed log-likelihood specification. 
Appendix -Mean, Variance, Skewness and Kurtosis of the SGT
The j th non-centered moment, for 0 ,
where u = r -m, k, n > 0 and -1 < λ < 1. The substitution of
and
where
For f to be a proper p.d.f., M 0 = 1, and
The substitution of (A5) into (A4), gives
The fourth centered moment of u is       
The standardized kurtosis is Simulations are based on 1,000 random samples with theoretical values for c = 0.43 and p = -0.43. Mean and Std are the simple arithmetic mean and standard deviation of the estimates in the random samples. Reject rate is the percent of estimates which are statistically different from their theoretical values. Estimation of eq. 1 under the SGT log-likelihood specification for each GARCH model. All coefficients are significant at the 1% level, unless otherwise noted. *, ** Statistically significant at the 5% and 10%, respectively. # statistically insignificant. Parentheses include the standard errors and brackets the confidence intervals for the estimators Confidence Intervals for p are based on Rapach and Wohar (2009) bootstrapping procedure L(θ) is the log-likelihood value. SK and KU are standardized skewness and kurtosis, computed using eq. (A14) and (A18) Computation of unconditional variance of excess returns
Computation of unconditional mean return μ =(α +ξ σ)/(1-b ) c is the pure price of risk and p the skewness-kurtosis price of risk. 
Notes:
See Table 3 Regression is based on the augmented model r t =cσ t +dσ t-1 +α+br t-1 +u t Computation of unconditional mean return μ =(α +(c +d +p )σ)/(1-b ) c * = c + d is for pure price of risk and p for skewness-kurtosis price of risk ξ = c + d + p is the combined pure-skewness-kurtosis price of risk 
